In this note, we prove a result on the independence of ℓ for the supports of irreducible perverse sheaves occurring in the Decomposition Theorem, as well as for the family of local systems on each support. It generalizes Gabber's result on the independence of ℓ of intersection cohomology to the relative case.
Introduction
Let f : X → Y be a proper morphism of algebraic varieties over a separably closed field k, and let IC X (Q ℓ ) be the ℓ-adic intersection complex on X. By the decomposition theorem [1] , Rf * IC X (Q ℓ ) splits into a direct sum of shifted semisimple perverse sheaves. It is then natural to expect that the supports of the irreducible perverse sheaves occurring in the decomposition are independent of ℓ = p. This is clear if char k = 0, by reducing to the case where k = C and comparing with C-coefficient.
The question can be raised from another perspective, and made more general. One has the following conjecture on "independence of ℓ" under pushforwards. Given an F qmorphism f : X → Y between F q -schemes of finite type, and given a compatible system {F i } I of irreducible lisse sheaves on X (see Definition 2.1 (i) below for definition), one predicts that for each integer n, the family of constructible sheaves {R n f * F i } I are stratified by a common stratification of Y and that on each stratum, their restrictions are compatible; similarly for the other operations. Note that the assumption on lissity of F i is necessary, since a lisse sheaf (which may not have global sections) could be compatible with the direct sum of a punctual sheaf (which always have global sections) and another constructible sheaf; similarly, the assumption on irreducibility rules out for instance nontrivial extensions of constant sheaves. Some results in this direction are given by Illusie [7] , who showed, in particular, that there is a stratification {Y i } i of Y , such that all the sheaves R n f * Z ℓ (as well as R n f ! Z ℓ ), as n and ℓ = p vary, are lisse on each Y i (see loc. cit., Corollaire 2.7).
Our main result Theorem 3.2 could be regarded as a variant of this conjecture with respect to the perverse t-structure, namely, we prove that if f is proper, then for each n, the family of semisimplified perverse sheaves p R n f * (F i ) ss is "independent of i": the supports of their irreducible constituents are the same, and the family of local systems on each support is compatible. As a corollary, we have Theorem 1.1. When k is the algebraic closure of a finite field, the set of supports occurring in the decomposition of Rf * IC X (Q ℓ ) is independent of ℓ. Moreover, as ℓ varies, the local systems occurring in the decomposition over each stratum form a compatible system (with respect to some model defined over a finite subfield of k).
This can be regarded as the relative version of a result of Gabber [6] .
1.2.
We fix some notations and conventions.
1.2.1. In most part of this article, we work over a finite field F q of characteristic p, although a few concepts and results apply to more general base fields k over which we have the formalism of triangulated ℓ-adic derived categories D b c (X, Q ℓ ) (see, for instance, [1, 2.2.14]). The reader may take k to be always F q if he wants. Here "ℓ", as well as "ℓ i " in the sequel, denote prime numbers different from p.
We always assume k-schemes to be of finite type. We only work with middle perversity [1, Section 4].
1.2.2.
Let X be a k-scheme. We say that X is essentially smooth if (X k ) red is smooth over k. When k is perfect (e.g. a finite field), this is equivalent to X red being regular. An ℓ-adic lisse sheaf is sometimes called an ℓ-adic local system.
1.2.3.
Let X be a k-scheme, and let Z be an essentially smooth irreducible locally closed subscheme of X. Let j : Z → Z be the open immersion of Z into its closure in X. Let L be an ℓ-adic lisse sheaf on Z. We will denote the intermediate extension
, or its extension-by-zero to X, by IC Z (L), and call it the intersection complex defined by the local system L.
1.2.4.
Let X be an irreducible k-scheme, j : U → X an essentially smooth open subset of X, and let L be an ℓ-adic local system on U . We say that U is the maximal support of L, if for any essentially smooth open subset V of X, such that the local system L| U ∩V can be extended to a local system on V , we have V ⊂ U . Given L on U , its maximal support always exists: it is the union of all essentially smooth open set of X over which the sheaf j * L is lisse.
1.2.5. Let X be a k-scheme and let P be an ℓ-adic perverse sheaf on X, with irreducible constituents IC X α (L α ), where for each α, L α is an irreducible local system with maximal support X α ⊂ X α . Then we say that X α (resp. X α ) is a support (resp. a closed support) occurring in P .
) be its image in the Grothendieck group of ℓ-adic sheaves (resp. ℓ-adic perverse sheaves), i.e.
, there exist two semisimple perverse sheaves P + and P − without common irreducible factors, such that
and they are unique up to isomorphism. We shall call it the canonical representative of p [K].
1.2.7. Let X be an F q -scheme, and x ∈ X(F q v ) (or x ∈ |X|, namely a closed point). Let F be a Q ℓ -sheaf on X. We denote by P F x (t) the polynomial
and define the L-function L(F , t) to be
, where deg(x) = [k(x) : F q ] is the residue degree of x. Both extend to F ∈ D b c :
and depends only on the image [F ] of F in the Grothendieck group K 0 (Sh(X)).
ℓ the Weil sheaf on Spec F q of rank 1 on which the geometric Frobenius acts as multiplication by b. Given an F q -scheme X with structural map a : X → Spec F q , and an ℓ-adic Weil sheaf F on X, let
ℓ , and call it a Tate twist deduced from F .
1.2.9.
For the perverse t-structure on k-Artin stacks (always assumed of finite presentation), see [9] ; for the L-functions of F q -Artin stacks, see [11, Definition 4.1] . The other notions then all generalize without much difficulty to Artin stacks.
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Perverse compatible systems
In this section, we review the notion of compatible systems, and define its variant for the perverse t-structure, called perverse compatible systems, and show their relations.
Let Q be the subfield of algebraic numbers in C; by a number field we understand a subfield E ⊂ Q of finite degree over Q, hence it comes with an embedding E ֒→ C.
Let E be a number field, and let I be a set of pairs i = (ℓ i , σ i ), where ℓ i is a rational prime number not equal to p, and σ i : E ֒→ Q ℓ i is an embedding of fields. In order to talk about weights [3] , we fix once and for all an embedding of fields ι i : Q ℓ i → C, such that the composite
is the given embedding E ֒→ C. Given any σ i , such an ι i certainly exists (assuming the axiom of choice). By Lafforgue's work on Langlands correspondence [8] , one can show that, for any F qscheme X (or even F q -Artin stack of finite presentation), for any ℓ-adic sheaf F on X, and for any embedding ι : Q ℓ → C, we have that F is ι-mixed; see [11, Remark 2.8.1]. In particular, by [3, Théorème 3.4.1], any irreducible ℓ-adic lisse sheaf F on X is punctually ι-pure of some weight w ∈ R (certainly, w may depend on ι).
Part (i) in the following definition, at least for K i sheaves, is well-known; see for instance [10, Chapter I, Section 2.3] for number fields.
Definition 2.1. Let X be an F q -scheme, and for each i ∈ I, let
We say that {K i } I is a weakly (E, I)-compatible system, if for every integer v ≥ 1 and for every point x ∈ X(F q v ), there exists a number t x ∈ E such that
(ii) We say that {K i } I is a strongly (E, I)-compatible system, if for each n ∈ Z, the system of cohomology sheaves {H n K i } I is a weakly (E, I)-compatible system.
(iii) Assume that K i = P i are perverse sheaves. We say that {P i } I is perverse (E, I)-compatible, if there exist a finite number of essentially smooth irreducible locally closed subschemes X α ֒→ X, and for each α a weakly (E, I)-compatible system {L i α } I of semisimple local systems on X α , having X α as their maximal support (inside X α ), such that
for all i. Here P ss i denotes the semi-simplification of P i in the abelian category of perverse sheaves.
(iv) Once again, let (v) We say that {K i } I is a strongly perverse (E, I)-compatible system, if for each n ∈ Z, the system of perverse cohomology sheaves
These notions apply to F q -Artin stacks X as well.
Remark 2.2. (i) Basically a "weak" version of the notion depends only on the image in the Grothendieck group, so there could be cancellations between cohomologies of even indices and odd indices, and the weak notion could not see shifts of indices by even integers. A "strong" version is for the cohomology objects, so cancellations and shifts are not allowed.
(ii) For a system {F i } I of sheaves, the notions (i) and (ii) in Definition 2.1 are the same, and we sometimes just say that {F i } I is an (E, I)-compatible system of sheaves.
(iii) The condition in Definition 2.1 (i) is equivalent to that for each closed point x ∈ X, there exists a rational function P x (t) ∈ E(t) such that
which is the definition given in [6, 1.2] . This is because formally we have
The advantage of our definition is that it applies to Artin stacks as well.
Lemma 2.3. Let X be a connected F q -scheme and let {F i } I be an (E, I)-compatible system of punctually ι i -pure lisse sheaves (e.g. irreducible lisse sheaves) on X. Let w i ∈ R be the ι i -weight of F i . Then the numbers w i (i ∈ I) are all equal.
Proof. Take any closed point x ∈ X; then by Remark 2.2 (iii) there is a polynomial
x (t), ∀i ∈ I. When we ask for the ι i -weight of F i , we consider the complex absolute value of the reciprocal roots of ι i (P F i x (t)), which is just P x (t) regarded as in C[t] via the given embedding E ⊂ C. Therefore, these ι i -weights w i are independent of i.
In particular, [6, Theorem 3] has an ι i -variant, which is what we mean when we refer to this theorem in the sequel.
Following [4, 0.9], we give the following definition.
Definition 2.4. For a Q ℓ -sheaf F on an F q -scheme X, we say that F is algebraic, if Tr(Frob x , F ) is an algebraic number in Q ℓ (i.e. algebraic over Q), for any v ≥ 1 and
If {F i } I is an (E, I)-compatible system of sheaves on X, then each F i is algebraic (recall that we require [E : Q] < ∞).
Now we recall the following theorems of Deligne and of Drinfeld, which are key ingredients of this article. . Note that such a G is necessarily unique and irreducible: it is irreducible by looking at the order of pole of the L-function L(G ⊗ G ∨ , t) at t = q − dim X , hence it is determined by its local characteristic polynomials P G x (t). It is sometimes called a companion of F .
Lemma 2.7. Let X be an irreducible F q -scheme, and let U 1 and U 2 be two essentially smooth open subsets in X. Let L i be an irreducible lisse Q ℓ i -sheaf on U i with det(L i ) of finite order, having U i as maximal support, and let σ i : E → Q ℓ i be an embedding, for
Proof. By Theorem 2.6, let M be the ℓ 2 -companion of L 1 on U 1 with respect to σ 2 . Then both M | U and L 2 | U are ℓ 2 -companions of L 1 | U , which remains irreducible on U , so by uniqueness we have M | U ≃ L 2 | U . As π 1 (U ) is mapped onto both π 1 (U 1 ) and π 1 (U 2 ), we see that j * L 2 is unramified over U 1 ∪ U 2 , where j : U 2 → X is the open immersion. So U 1 ⊂ U 2 , by the maximality of U 2 . By symmetry we have U 2 ⊂ U 1 as well.
An extension of the pair (E, I) is another pair (E ′ , I ′ ) together with a bijection I → I ′ of the form
, where E ′ /E is a finite subextension of Q/E and for each i ∈ I, σ ′ i is an extension of σ i to E ′ . Because of the bijectivity, the index set for {ι i } I is unchanged under such an extension. Proposition 2.8. Let {P i } I be a system of perverse sheaves on an F q -scheme X. If they are weakly (E, I)-compatible, then they are perverse (E ′ , I ′ )-compatible for some extension (E ′ , I ′ ) of (E, I).
Proof. Since [P i ] = [P ss
i ], we may assume that the P i 's are semisimple perverse sheaves. We may assume that X is integral, or even geometrically integral if we replace F q by a finite extension.
To show that they have the same set of supports, we may assume that I = {1, 2}. We may assume that either P 1 or P 2 has an open support; then so does the other. Let U be the intersection of all open supports occurring in either P 1 or P 2 , and let F i be the semisimple Q ℓ i -local system H − dim X (P i | U ) on U . Then U is regular and geometrically integral (hence satisfies the hypothesis at the beginning of [3, Section 1.3]), and F 1 and F 2 are (E, I)-compatible. Let
be the decomposition into irreducible lisse sheaves. We will show that n = r, that L j is (E ′ , I ′ )-compatible with M j after relabeling, for a certain extension (E ′ , I ′ ) of (E, I), and that as a consequence, L j and M j have the same maximal support. Note that L 1 is algebraic (Definition 2.4), since P L 1 x (t) divides P F 1 x (t), whose roots are algebraic numbers. By Theorem 2.5, there is a finite extension E ′ of E, embedded in Q ℓ 1 via some extension σ ′ 1 of σ 1 , containing all local traces of L 1 . Let r be the rank of L 1 , and for some
Enlarging E ′ if necessary, we may assume that (σ ′ 1 ) −1 (1/a r ) has an r-th root in E ′ , denoted by b. Then the determinant of the
deduced by Tate twist has finite order [3, 1.3.6]. Therefore, by Theorem 2.6, for each extension σ ′ 2 :
, namely a lisse Q ℓ 2 -sheaf on U , such that for any closed point x ∈ U , the coefficients of P G x (t) are in σ ′ 2 (E ′ ), and that
, which has the constant sheaf Q ℓ 1 ,U as a direct summand, thus F 2 ⊗ L ′∨ 1 also has Q ℓ 2 ,U as a direct summand, with the same multiplicity as that of
By induction we see that n = r, and after relabelling we have that L j and M j are (E ′ , I ′ )-compatible. Now let U 1 (resp. U 2 ) be the maximal support of L 1 (resp. M 1 ); then it is also the maximal support of L
). By Lemma 2.7, we have U 1 = U 2 . Also, L 1 and M 1 , being (E ′ , I ′ )-compatible on U , are (E ′ , I ′ )-compatible on their maximal support U 1 , by [6, Theorem 3] .
Again by loc. cit., IC X (L 1 ) and IC X (M 1 ) are weakly (E ′ , I ′ )-compatible, so by the additivity of local traces in exact triangles, the quotient perverse sheaves P 1 /IC X (L 1 ) and P 2 /IC X (M 1 ) are weakly (E ′ , I ′ )-compatible. By induction on the length of P i , we are done.
Remark 2.9. Note from the proof that, the field E ′ can be made explicit, once the information of some (any) P i is completely given, so there is no problem in going from the "|I| = 2" case to the general case. Moreover, the local systems in P ss i on each closed support are (E, I)-compatible. Precisely, let {X α } α be the supports occurring in P i (known to be independent of i), and for any closed support Z occurring in P i (i.e. closure of some X α ), let Z 0 be the intersection of all the X α 's such that X α = Z; then there exists an (E, I)-compatible system {L i Z } I of semisimple lisse sheaves on Z 0 , such that
for all i. Proof: We may assume that X is integral. Let Y ⊂ X be the union of all proper (i.e. = X) closed supports occurring in P i (for any i), and let U be the intersection of X − Y and X 0 (intersection of all the open supports X α occurring in P i ). Then for all i ∈ I, the sheaves
are lisse on U , and as L i X = (P i | U )[− dim X], they are (E, I)-compatible. So by [6, Theorem 3] , the system {IC X (L i X )} I is weakly (E, I)-compatible. Note that, since L i X is semisimple, by [3, Théorème 3.4.1], it is a direct sum of ι i -punctually pure local systems, and the parts of a prescribed ι i -weight are also (E, I)-compatible (the contribution of this part to the local trace lives in some finite Galois extension E of E and is fixed by the Galois group), hence [6, Theorem 3] is applicable. Therefore, the quotient perverse sheaves P i /IC X (L i X ), supported on Y , are again weakly (E, I)-compatible, and by noetherian induction we are done. We will not need this rationality in the sequel.
, is weakly (E, I)-compatible, then it is weakly perverse (E ′ , I ′ )-compatible for some extension (E ′ , I ′ ) of (E, I).
Proof. The proof is similar to the previous one. Again we may assume that X is geometrically integral. Let
] be the canonical representatives. To show, for instance, that the supports occurring in P + i are independent of i, we may again assume that I = {1, 2}. If P 
As in the proof of Proposition 2.8, F − 1 has a semisimple ℓ 2 -companion G − 1 , and F − 2 has a semisimple ℓ 1 -companion G − 2 , with respect to some extension (E ′ , I ′ ) of (E, I). Therefore Finally we pass to
, and by induction we see that {P + i } I is perverse (E ′ , I ′ )-compatible for some (E ′ , I ′ ).
The main result
Definition 3.1. We say that a complex F ∈ D b c (X, Q ℓ ) is perverse semisimple if it is isomorphic to a direct sum of shifted semisimple perverse sheaves, i.e. F ≃ n p H n (F )[−n] and each p H n (F ) is a semisimple perverse sheaf on X.
Theorem 3.2. Let f : X → Y be a proper morphism of F q -schemes, and let {F i } I be a strongly perverse (E, I)-compatible system of perverse semisimple complexes on X. Then {Rf * F i } I is strongly perverse (E ′ , I ′ )-compatible, for some extension (E ′ , I ′ ) of (E, I).
Proof. By noetherian induction, we may assume that
, where {L i } I is an (E, I)-compatible system of semisimple local systems on a connected essentially smooth locally closed subset U ⊂ X. Replacing X by the closure of U , we may assume that U is open dense. Let
be the decomposition into irreducible local systems. Then the numbers n i are the same for all i ∈ I, and after relabeling, for any fixed j, the system {L ij } I is (E ′ , I ′ )-compatible for some extension (E ′ , I ′ ) of (E, I), and the L ij 's (with j fixed and i varying) have the same maximal support (Lemma 2.7). As
we may assume that L i is irreducible (and consequently with (E, I) extended), hence punctually ι i -pure of some weight w ∈ R, for each i, 
By the Lefschetz trace formula, {K i } I is weakly (E, I)-compatible, hence is weakly perverse (E ′ , I ′ )-compatible for some extension (E ′ , I ′ ), by Proposition 2.10. Let
] be the canonical representatives, and let
be the decomposition into irreducible factors, where M i αβ is an irreducible ℓ i -adic lisse sheaf on Y α , having Y α as its maximal support. One sees from the proof of Proposition 2.8 that, for each α, the index set of β is independent of i, and after relabeling the β index, we may assume that, for each α and β, the family {M i αβ } I is (E ′′ , I ′′ )-compatible, for some further extension (E ′′ , I ′′ ).
There is no cancellation in
since the p H n K i 's have different ι i -weights. So we have
Thus for each n, we have
where the direct sum is taken over all intersection complexes such that M i αβ is punctually ι i -pure of weight w + dim
ss for some i 0 ∈ I and some indices α and β, then IC Y α (M i αβ ) occurs in p H n (K i ) ss for every i ∈ I, because by Lemma 2.3, the ι i 0 -weight of M i 0 αβ is the same as the ι i -weight of M i αβ . Therefore, { p H n K i } I is perverse (E ′′ , I ′′ )-compatible for each n, in other words, {K i } I is strongly perverse (E ′′ , I ′′ )-compatible.
The following is a "geometric" statement, in the sense that it is over the algebraic closure F := F p . Corollary 3.3. Let f : X → Y be a proper morphism of schemes over F. Then the supports occurring in the decomposition of Rf * IC X (Q ℓ ) into shifted irreducible perverse sheaves, as well as the connected monodromy groups of the local systems on each support, are independent of ℓ.
Proof. Let f 0 : X 0 → Y 0 be a model of f over a finite subfield F q ⊂ F. By Theorem 3.2, {Rf 0 * IC X 0 (Q ℓ )} ℓ =p is strongly perverse (E, I)-compatible for certain (E, I), so for each n ∈ Z, we have a decomposition
where L ℓ αβ,0 is an irreducible ℓ-adic local system on Y α,0 , having Y α,0 as its maximal support. Extending (E, I) and relabeling the β index if necessary, we may assume that {L ℓ αβ,0 } ℓ =p is (E, I)-compatible, for each pair of indices (α, β). corresponding to various irreducible local systems L ℓ αβ on Y α occurring in the decomposition of p R n f * IC X (Q ℓ ), we may replace Y α,0 by (Y α,0 ) red to assume it regular. Also, the irreducible local systems {L ℓ αβ,0 } ℓ =p are pure of some integer weight w αβ , independent of ℓ. Then the last assertion follows from [2, Theorem 1.6], generalized to higher dimensions (see the remark after loc. cit.).
